Abstract. Timed automata theory is well developed in literature. This theory provides a formal framework to model and test real-time systems. This formal framework supplies a way to describe transitions among states with timing constrains. These constraints are usually expressed with logic formulas involving the system clocks. The time domain of these clocks usually is considered dense, that is, the clocks take values in the real or rational numbers. Dealing with a domain like this can be hard, specially if we consider end points of intervals. In this paper, we present a modication of the model that allows to use real time in an easier, more powerful and reliable approach for computing systems. Our proposed model exploits the concepts of fuzzy set theory and related mathematical frameworks to get a more exible approach. that it is more realistic since, for instance, you can't measure √ 2 seconds.
Introduction
Over the last decades Formal Methods have attracted the attention of researches all over the world. One of the rst, and also one of the most important, enhancements to formal methods was the inclusion of temporal features. Just from the beginning, one the of the most important issues was the nature of time: whether the time is a discrete domain [8, 16, 15] or a dense one [19, 3, 5] . The authors in favor of a dense time domain argued that its expressive power is greater than the one of a discrete time domain. Those in favor of a discrete time domain argued that it is more realistic since, for instance, you can't measure √ 2 seconds.
As aforementioned, time can be considered discrete. In this case it is composed of sequential instants. Mathematically speaking a discrete time domain has a order relation that is isomorphic to the order relation of the natural numbers.
This model implies the existence of abrupt jumps. Therefore, even the absence of vagueness, a discrete time model becomes imprecise in the real world.
On the other hand, time can be modeled to be dense. A dense time domain has an order relation similar to the one of the real numbers or the rational numbers: between two time instants there is always another time instant. In others words, there are not any abrupt jumps. When working with a dense time
Research partially supported by the Spanish MCYT projects TIN2006-15578-C02-01 and TIN2009-14312-C02-01. domain it is usually necessary to discretize it. For instance, in Lazy Hybrid Automata [1] , they consider that innite precision is not possible so they discretize the continuous values by considering intervals.
Neither the discrete nor the dense models of time are capable to model properly the concept of time that humans beings have which it is inherently vague. In this paper, we propose the use of a structure that wraps the concept itself assuming the uncertainty and vagueness. In this context vagueness is not necessarily a criticism, but just a fact. The most popular approaches to handling vagueness and uncertainty as partial ignorance are Bayes theory, Shafer's evidence theory, the transferable belief model, and the possibility theory which are completely related to fuzzy sets.
Fuzzy set theory [20, 21, 14] provides a formal framework for the representation of vagueness. Our perception of reality is not perfect, although things can be true or false; our environment can make us doubt about a truth assessment.
All measurement devices have an intrinsic error: if a thermometer indicates that the temperature is 35. 4 o C, we know that the actual temperature is around that measurement. Something similar happens with time. We can claim that it takes us an hour to go to work; if the trip to work lasts 57 minutes in a particular day we know that the trip has lasted as usual, otherwise if it takes us 81 minutes we know that the trip has not lasted as usual. We can also be more accurate and
give a degree of condence of the measurement, which is a number in the interval [0, 1] with being 1 the maximum degree of condence and 0 the minimum. In this way, we can assess that 57 minutes is equal to 1 hour with a condence degree close to 1, while 81 minutes has a condence degree close to 0.
Therefore, a fuzzy number can be seen as a mapping from the set of real numbers to the interval [0, 1]. In Figure 1 we have depicted the fuzzy number 2, denoted by 2. In the gure we can observe that 1.95 is relatively close to 2 so it has a high condence level 0.83. On the contrary, 2.2 is further from 2 so it has a lower condence level 0.3, and 2.5, that is even further, has a condence level of 0.
Timed automata theory is well developed in literature [2, 3, 7, 17] . This theory provides a formal framework to model and test real-time systems. This formal framework supplies a way to describe transitions among states with timing constraints. The time model usually adopted in this theory is a dense one. Nevertheless, the numbers appearing in the time constraints they introduced always range over the set of natural numbers I N. Hence, what they are really doing is a discretization of time. As aforementioned, we do not think this is the best way to model time. Hence, we adapt this framework to include fuzzy time constraints.
Once we have dened the fuzzy-timed specications, it is necessary to check if the implementations meet them. One of the basic relationships between specications and implementations is trace equivalence. But in this point there is a problem, let us suppose that a specication requires that an action a must be executed in the time interval [1, 3] . On the one hand, since we are in a fuzzy environment, we allow an implementation to execute action a at instant 3.0001;
but, on the other hand, we cannot consider incorrect an implementation that always executes the action a within [1, 3] . This could be solved if the implementation relation were the trace inclusion. However, this relation is not completely satisfactory because an implementation that does not make any action at all is considered correct. Therefore, the implementation relation should be trace equivalence for the interval [1, 3] and, at the same time, it should have some tolerance outside that interval.
Another important aspect of a theory is having the proper software tools. We have not developed any tool yet, but we have expressed our fuzzy implementation relations in terms of ordinary timed automata. In this way we can use the well known tools like Uppaal [4] .
The relationship between fuzzy set theory and automata theory is not new.
Fuzzy automata have been used to deal with dierent science elds: imprecise specications [11] , modeling Learning Systems [18] and many others. Fuzziness has been introduced in the dierent components of the automata: states, transitions, and actions [18, 13, 6] . A similar work of ours has been made in [7] . They use a many-valued logic in the transitions of the automata, and although they do not use fuzzy logic, their approach logic is similar to ours.
Probabilistic and stochastic models [12, 9] might be considered related to the fuzzy model presented in this paper. In these models, the time when an action is performed follows a given random variable. Before setting a probability or a random variable in a model, a thorough statistical analysis should be performed.
Unfortunately this requirement is dicult, if not impossible, to achieve. Thus, the specier must choose the probability or a random variable based on her own experience. This experience ts better in a fuzzy environment.
The rest of the paper is organized as follows. Next, in Section 2 we introduce some concepts of fuzzy logic that are used along the paper. After that, in Section 3 we introduce the concept of fuzzy specications, implementations and fuzzy time conformance. In Section 4 we present a case study to show the main characteristics of our model. Next, in Section 5 we show how to compute our fuzzy relations in terms of ordinary timed automata. Finally in Section 6 we give some conclusions and future work guidelines.
Preliminaries
In this paper we do not assume that the reader is familiar with fuzzy logic concepts. Therefore, we present some basic concepts of fuzzy logic.
Fuzzy relations
In ordinary logic, a set or a relation is determined by its characteristic function: 
Example 1. In this paper we consider the following fuzzy relations. Let us consider a non negative real number λ ≥ 0,
Note that these fuzzy relations are not order relations. We use these functions to describe fuzzy-timed automata that we present in Section 3. The only property we use, which simplies the writing, is the commutativity of the equality
λ , viewed as binary operation over I R.
Triangular Norms
A triangular norm (abbreviated t-norm) is a binary operation used in fuzzy logic to generalize the conjunction in propositional logic. In order to be able to generalize the conjunction, we have to analyze its basic properties: commutativity
, identity true ∧ p = p, and nilpotency false ∧ p = false. Therefore, we require a t-norm to satisfy similar properties. We also require an extra property: monotonicity. Intuitively, the resulting truth value does not decrease if the truth values of the arguments increase. ] which satises the following properties:
Number 1 is the identity element:
Number 0 is nilpotent: T (x, 0) = 0 1 .
Since t-norms are associative, we can generalize them to lists of numbers:
Example 2. The following t-norms are often used:
ukasiewicz t-norm: T (x, y) = max(0, x + y − 1). We represent this t-norm with the symbol .
Gödel t-norm: T (x, y) = min(x, y). We represent this t-norm with the symbol .
Product t-norm: T (x, y) = x · y (real number multiplication). We represent this t-norm with the symbol .
We assume that any t-norm used has a symbol, we use the symbol to represent a generic t-norm. 3
Fuzzy-Timed Automata
In this Section we introduce the basic notions of fuzzy-timed automata. But rst, in order to make the paper self-contained, we rst recall some common denitions of timed automata. Later we use and adapt these denitions to cope with fuzzytimed automata. Apart from using these denitions later, we use ordinary timed automata to represent implementations of the fuzzy specications.
Denition 4. Actions. We assume that we have a nite alphabet of actions. 
Let u be a valuation and r a set of clocks. We denote the reset of all clocks of r in u, written as u[r], as a valuation that maps all clocks in r to 0 and leaves invariant the rest of clocks. Clock constraints. A clock constraint is a formula consisting of conjunctions of atomic relations of the form x n or x−y n where n ∈ IN, x, y ∈ Clocks and ∈ {≤, <, =, >, ≥}. We denote the set of clock constraints by C. Let u be a valuation and C ∈ C, we write u C when the valuation u makes the clock constraint C true. Timed Automata. A timed automaton is a tuple (L, l 0 , E, I) where:
L is a nite set of locations. l 0 ∈ S is the initial location.
Clocks × L is the set of edges; we write l a,C,r
I : L → C is a function that assigns invariants to locations. As it is usual, the invariants of locations consist of conjunctions of atoms of the form x ≤ n where n ∈ IN. Operational semantics. The operational semantics of a timed automaton is a timed labeled transition system whose states are pairs (l, u) where l is a location, u is a valuation of clocks, and its transitions are:
, written as t ∈ tr(A), if there is a sequence of transitions
Conformance relation. Among the dierent conformance notions in the timed automata literature we want to recall the trace inclusion and trace equivalence relations:
As we have indicated, our objective is to dene fuzzy-timed automata. In timed automata theory, time is expressed in the time constraints. Hence, we need to modify these constraints in order to be able to introduce fuzziness. In ordinary timed automata theory, the time constraints consist of conjunctions of inequalities. Instead of the ordinary crisp inequalities in Denition 4, we use their fuzzy counterparts appearing in Example 1. We could have more freedom in allowing general convex fuzzy sets, but we have preferred to keep our constraints close to the original ones so we can use the theory developed for timed automata.
The role of a conjunction in Fuzzy Theory is played by t-norms. There is not a canonical t-norm, in Example 2 we have 3 of the more used t-norms. We have preferred to allow any of the available t-norms.
The time constraints be divided in two groups: The general fuzzy constraints that appear as the constraints attached to the actions; and the set of restricted constraints attached to location invariants where only inequalities of the form x ≤ n λ are allowed.
Denition 5.
1. A fuzzy constraint is a formula built from the following B.N.F.:
where is a t-norm, ∈ {≤, =, ≥}, x, y ∈ Clocks, λ ∈ IR + , and n ∈ IN. We denote the set of fuzzy constraints by FC. 2. A fuzzy restricted constranint is the subset of fuzzy constraints dened by the following B.N.F.:
where is a t-norm, x ∈ Clocks, λ ∈ IR + , and n ∈ IN. We denote the set of restricted fuzzy constraints by RFC.
In timed automata theory, the constraints are used to decide if the automata can stay in a location and to decide if a transition can be executed. All this is done by checking if a valuation satises the corresponding constraint. In fuzzy theory the notion of satisfaction is not crisp, we do not have a boolean answer but a range in the interval [0, 1]. Therefore, we do not have if a constraint is true or false but a satisfaction grade of a constraint. Denition 6. Let u be a clock valuation and C be a fuzzy constraint, we inductively dene the satisfaction grade of C in u, written µ C (u), as
Once the time constraints are dened, the denition of the fuzzy-timed automata is quite straightforward. It consists of replacing the ordinary time constraints by fuzzy time constraints. Denition 7. A fuzzy-timed automaton is a tuple (L, l 0 , E, I) where:
Clocks × L is the set of edges; we write l a,C,r − − − − −→ l whenever (l, a, C, r, l ) ∈ E. I : L → RFC is a function that assigns invariants to locations.
Let us note that the clock constraints in the edges have the general form as indicated in Denition 5-1, while the location invariants have the restricted form as indicated in Denition 5-2.
Next we are going to dene the operational semantics of fuzzy-timed automata. We need it to obtain the fuzzy traces that are used for the conformance relations. This operational semantics is given in terms of transitions, which are enabled when time constraints hold. Since we do not have crisp time constraints, the transitions must be decorated with a real number α ∈ [0, 1]. This number indicates its certainty.
In order to dene the operational semantics we need a t-norm. Let us explain the reason. In the denition of the operational semantics of a ordinary timed automaton, the action transitions requires the condition u C and u[r] I(l ). This conjunction must be transformed into its fuzzy version: a t-norm. Denition 8. Let fA = (L, l 0 , E, I) be a fuzzy-timed automaton and be a tnorm. The -operational semantics of fA is the labeled transition system whose states are (l, u) ∈ L × Clocks, the initial state is (l 0 , 0), and the transitions are:
This operational semantics is not a pure timed transition system because the transitions are decorated with a real number α ∈ [0, 1] indicating the certainty to be executed. Anyway it is desirable that it has the main properties of timed transition systems: time determinism and time additivity. Proposition 1. Let fA = (L, l 0 , E, I) be a fuzzy-timed automaton and be a t-norm, the -operational semantics of fA holds the following properties:
Proof. To prove this it is enough to take into account that time transitions do not change location and the clock valuation is increased with the passing of time.
As a further remark let us observe the α 2 of the transition (l, u) Denition 9. Let fA = (L, l 0 , E, I) be a fuzzy-timed automaton and let be a t-norm. We say
is a -fuzzy trace of fA, written t ∈ ftr (f A), if there is a sequence of transitions
in the -operational semantics of fA. In the previous sequence of transitions we have not specied the bullet states • to simplify the reading; they are always determined by the previous state:
As aforesaid, we consider implementations are real-time systems. When we check these systems we obtain real time measurements. We need to check if those measurements meet the fuzzy constraints given by the fuzzy specication. Therefore we assume that we have traces generated from a (non-fuzzy) timed automaton. These traces are of the form (d 1 , a 1 )(a 2 , d 2 ) · · · (d n , a n ). We have to compare them to the traces of the fuzzy automaton that have the form
a n , β n ). In order to have a true/false assessment, rst we have to combine the certainty values (α 1 , β 1 , α 2 , β 2 , . . . , α n , β n ) with a t-norm and to compare the result to a given threshold α ∈ [0, 1].
The conformance relations we want to mimic in our fuzzy framework are trace inclusion and trace equivalence. The rst one is easier and corresponds to part 1 of Denition 10. Trace inclusion requires that all traces in the implementation are traces of the specication. In our case we do not have a crisp membership relation, instead we have the certainty values, a t-norm, and a threshold. Hence we compound the uncertainty values with the t-norm, we accept the trace if the obtained value is above the given threshold.
The relation corresponding to trace equivalence is in part 2 of Denition 10.
It cannot be just trace equivalence. To understand the reason let us suppose that the specication allows the execution of action a in a given location with the fuzzy constraint x ≤ 3 0.2 and the threshold is 0.9. In this case we allow an implementation to execute the action a at time 3.01. But we do not want to force a correct implementation to execute that action at that time. That is, an implementation that always executes action a in the interval [0, 3] fA, if for any trace (d 1 , a 1 ) . . . (d n , a n ) ∈ tr(A) there exist a trace (d 1 , α 1 , a 1 , β 1 
2.
A is maximally 1 -conformance with respect the 2 -operational semantics of fA with an alpha cut of α, written A fconfm
and for any fuzzy trace
Case study
In this section, we present a case study of an automaton with ve states. This automaton, which is adapted from the Uppaal demo directory, appears in Figure 2 .
It represents a train passing through a crossing.
First of all let us show the need of a t-norm to dene the operational semantics. Let us suppose that we measure that a train has stayed in state q 0 for 101 time units. The credibility of the corresponding transition of the fuzzytimed automaton depends on the used t-norm. We have a valuation u where the value of the clock y is 101, so we have y ≤ 100 10 = 0.9 (the constraint in the transition) and y ≤ 100 5 = 0.8 (the constraint in the invariant of state q 2 ).
So we have (101, 1, appr , 0.8) ∈ ftr (train), (101, 1, appr , 0.72) ∈ ftr (train), and (101, 1, appr , 0.7) ∈ ftr (train) Thus, if we observe that an implementation A 1 veries (101, appr) ∈ tr(A 1 ), we can say A 1 fconf / 0.8 ,
, train. Now let us focus on the loop among the states q 0 , q 1 , and q 2 . Since the clock x is set to 0 in each transition, the following traces do not depend on any particular t-norm, that is, for any t-norm we have (20, 1, appr , 1)(10.02, 1, cross, 0.9)(4, 1, cross, 1) (20, 1, appr , 1)(10.01, 1, cross, 0.95)(2.98, 1, cross, 0.9) ∈ ftr (train)
If we take the certainty values of the trace and we compound them under the dierent t-norms, we have train. On the contrary, if each single credibility is above the 0.9 threshold, we could have that A 2 fconf 0.9 , train.
5
Transforming fuzzy automata
In this Section we are going to present a transformation from fuzzy-timed automaton into ordinary timed automaton. This transformation is used to characterize the fuzzy relations in terms of ordinary timed automata. Hence, we can take advantage of all the theory and tools developed within the framework of timed automata. The basic idea is to apply a syntactical α-cut to the automaton constraints. Let us rst remark that this α-cut does not work in the general case.
To understand the reason let us consider the following example. . Then the set cut 0.8 (C) cannot be expressed in terms of inequalities. We have
This set cannot be expressed in terms of conjunctions and inequalities so it cannot be part of a constraint of a timed automata.
But If we take the Gödel t-norm instead of the product t-norm we have
That can be expressed in terms of inequalities and conjunctions: x ≤ 5.16 ∧ y ≤ 7.32. Strictly speaking, this is not a timed constraint expression since 5.32 and 7.36 are not integers. This is not a real problem since the locations and actions are nite sets, therefore the amount of numbers like those is nite. Hence, in order to consider them integers it is enough to consider a time change unit.
This example shows that if want to make a transformation that keeps the α-cuts, we have to restrict ourselves to fuzzy constraints where the only appearing t-norm is the Gödel one.
Denition 11. A fuzzy-Gödel constraint is a formula generated by the following B.N.F.:
where is a t-norm, ∈ {≤, =, ≥}, x, y ∈ Clocks, λ is a non-negative rational number, and n ∈ IN. Let fA be a fuzzy-timed automaton. We say that is a Gödel fuzzy-timed automaton if all the fuzzy constraints are fuzzy-Gödel constraints.
For fuzzy-Gödel constraints we can generalize what we have observed in Example 3. We rst dene the syntactical α-cut of such constraints Denition 12. Let C be a fuzzy-Gödel constraint and let α be a rational number in the interval [0, 1], then we inductively dene the α-cut of C as:
Now we can prove that cut α (C) is equivalent to the α-cut of the fuzzy contraint C. That is, the set of clocks that give a satisfaction grade greater than α is the same that makes the formula cut α (C) true. Proposition 2. Let C be a fuzzy-Gödel constraint and let α be a rational number in the interval [0, 1] . Then u cut α (C) if and only if µ C (u) ≥ α. Proof. It is straightforward by structural induction of C.
Now that we have shown that the Gödel-fuzzy constraints behave properly when applying the α-cuts, we can extend the concept to Gödel fuzzy automata. Denition 13. Let fA = (L, l 0 , E, I) be a Gödel fuzzy-timed automaton and let α be a rational number in the interval [0, 1] . We dene the automaton cut α (fA) as the automaton (L, l 0 , E α , I α ), where E α and I α are dened as:
First we want to prove that these transformations are correct, that is the obtained automaton conforms the fuzzy specication. The conformance relations in Denition 10 need two t-norms, one to dene the operational semantics of fuzzy-timed automata, and another one to combine the values of the operational semantics. Again, the t-norms we need are the Gödel t-norm. To prove it we rst need an auxiliary lemma that relates the transitions of a fuzzy-timed automata and the ones of its α-cut.
Proposition 3. Let fA = (L, l 0 , E, I) be a Gödel fuzzy-timed automaton and let α be a rational number in the interval [0, 1] . Then: Proof. The rst thing we have to take into account is that the time constraints of cut α (fA) are obtained by applying the α-cuts. Hence the invariant of a location l in the automaton cut α (fA) is I α (l) = cut α (I(l)). Also, by Proposition 2 we have µ I(l) (u) ≥ α if and only if u I α (l). So we have part 1.
For part 2, we also have to consider that the transitions of the automaton cut α (fA) have the form (l, a, cut α (C), r, l ) where (l, a, C, r, l ) is a transition of fA. Let us recall that we have consider the Gödel t-norm to build the operational semantics of fA therefore (l, u) Proof. From the previous proposition we have ( 
. From which the result is immediate.
From this proposition we get the main result of this Section: in order to prove if some automaton conforms a fuzzy specication it is enough to consider the α-cut of the fuzzy automaton. 
Conclusions
In this paper, we have introduced a formalism that deals with time by using fuzzy logic. In our opinion, this is an important feature since it is dicult (if not impossible) to have a perfect and exact measurement of time. There have been many issues about the nature of time in formal methods, specially if it should be consider a discrete or dense entity. These issues do not have sense in a fuzzy framework because we are assuming, since the beginning, that we do not have an exact measurement of time. Although these measurements are imprecise, the fuzzy framework provides a precise measurement of this imprecision.
This work has been focused in the automata framework. As we have mentioned in the introduction, this fuzzy logic has been introduced successfully in the literature. However, as far as we know this is the rst time where the fuzziness has been introduce in the time domain of the automata. We have dened the concept fuzzy-timed automata and dened a conformance relation. The concept of t-norm plays a central role in both the denition of the automata and the conformance relation. Among the dierent t-norms we have discover that the Gödel t-norm is specially important. By using it, we can apply a syntactical α-cut to the fuzzy-timed automata and reduce the fuzzy conformance relations to conformance relations between ordinary timed-automata. This paper has a number of open loose ends that we plan to address in the future. In rst place, the conformance relations are not completely satisfactory.
We have introduced two conformance relations: fconf . The rst one corresponds directly to trace inclusion while the second one is closer to trace equivalence. The rst one has the same problems as the trace inclusion;
while the second one has a conceptual problem because we require that certain fuzzy formula has a satisfaction grade of 1. We do not think this is very adequate in a fuzzy environment and we are working in an alternate possibility.
Another important issue to address is to implement a software tool. In Section 5, we have reduced the fuzzy relations to relation between ordinary automata. So, we can take advantage of the already existing software tools to verify the fuzzy relations, we are already working in a tool that performs this task. The problem is that to perform the transformation we can only work with Gödel t-norms. Apart from the fact that we would like to work with another t-norms, we think we can address this problem in an alternative way. The existing tools for timed automata like Uppaal [4] perform a discretization of time to transform a timed automaton into a non-timed automaton. What we plan is to take advantage of the fuzziness to try to avoid the discretization of time.
